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Cartier duality for G')-modules 

Yoshiyasu Ozeki* 



. Abstract 

In this paper, we prove the Cartier duality for {ip, G)-modules which are defined by Tong 
Liu to classify semistable Galois representations. 



1 Introduction 



Let fc be a perfect field of characteristic p > 2, W{k) its ring of Witt vectors, Kq := W{k)[l/p], K 
a finite totally ramified extension of Kq, K a fixed algebraic closure of K and G := Gal(K / K). Let 

■ r > be an integer. In this paper, we give the Cartier duality for {ip, G')-modules. A {ip, G')-module 
I is a Kisin module equipped with certain Galois action, which was introduced by Liu in Li3 to 

classify lattices in semistable representations of G whose Hodge- Tate weights are in [0, r]. 

Breuil defined strongly divisible lattices and conjectured that, if r < p — 1, the category of 
strongly divisible lattices of weight r is equivalent to the category Rep^^ (G) of G-stable Zp-lattices 
in semistable p-adic representations of G whose Hodge- Tate weights are in [0,r]. This conjecture 
was proved by Liu in |Li2j if p > 3. To remove the condition r < p — 1, Liu defined a free (ip, G)- 
module of height r in |Li3| and proved that there exists a functor T from the category of free 
J> ■ {if, G')-modules of height r into RepJ^(G) which induces an equivalence of those categories for any 

p > 2 and r > 0. The notion of torsion {if, G]-modules of height r is given in [CL! and there exists 
' a functor T from the category of torsion {ip, G)-modules of weight r into torsion Zp-representations 

■ of G as in the case of free {ip, G)-modules. 

\ The Cartier duality for Breuil modules and Kisin modules have been studied by Caruso jCal) 

■ and Liu [Lil] . respectively. Let *H be a torsion (resp. free) G)-module of height r. We define 
the dual 071^ of 3Jl in Section 3, which depends on r. Our main result is 



Theorem 1.1. Let p > 2 be a prime number and r > an integer. Let DJl be a torsion (resp. free) 
{ip,G) -module of height r and ^ffl'^ its dual. 

(1) The dual DJl^ is a torsion (resp. free) {ip,G)-module of height r. 
' (2) The assignment 211 ^ 9Jt^ is an anti- equivalence on the category of torsion (resp. free) {ip, G)- 

modules and a natural map 971 — (OT^)^ is an isomorphism. 
(3) f (OT^) ~ f^(OT)(r) as Zp-representations ofG. 

Here T'^(9Jl) is the dual representation of T(97l) and the symbol "(r)" in the assertion (3) is for 
the r-th Tate twist. 

Now let p > 3 and r < p — 1. Thanks to Liu's theory of |Li2j . we can construct a natural 
functor Aiji from the category of free {ip, G)-modules of height r into the category of strongly 
divisible lattices of weight r, which gives an equivalence of those categories. By using this functor, 
we obtain the following comparison result between the duality of {ip, G)-modules and that of Breuil 
modules. 
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Corollary 1.2. For a free {ip,G)-module DJl, there exists a canonical isomorphism 

Here y\4^(3Jl)^ is the Cartier dual of the strongly divisible lattice A^^(37l) (cf. Waif . Chapter V). 

2 Finite Zp-representations 
2.1 Kisin modules 

Let fc be a perfect field of characteristic p > 2, W(k) its ring of Witt vectors, Kq := W{k)[l/p], 
K a finite totally ramified extension of Kq, K a fixed algebraic closure of K and G :— Ga\{K/K). 
Throughout this paper, we fix a uniformizer tt £ K and denote by E{u) its Eisenstein polynomial 
over Kq. Let & := H^(A:)|u| equipped with a Frobenius endomorphism ip via u t-^ and the 
natural Frobenius on W{k). A tp-module {over 6) is a ©-module 9Jt equipped with a (^s-semilinear 
map 93 : sot — > 2K. A (^-module is called a Kisin module. A morphism between two (p-modules 
(9Jti,(/3i) and (37l2,</'2) is a S-linear morphism 9Jli ^ 9Jt2 compatible with Frobenii Lpi and ^p2. 
Denote by Mody@ the category of iy9-modules of finite E(u) -height r {or, of height r) in the sense 
that SCI is of finite type over G and the cokernel of cp* is killed by E{uY, where (p* is the ©- 
linearization l^ip: 6 Cg)tp,e Sfl — St of (/j. Let Modyg""^ be the full subcategory of Mod/g consisting 
of finite ©-modules 9Jl which satisfy the following: 

• sot is killed by some power of p, 

• 9JT has a two term resolution by finite free ©-modules, that is, there exists an exact sequence 

of ©-modules where 91i and ^2 arc finite free ©-modules. 

Let Modyg be the full subcategory of Mod/g consisting of finite free ©-modules. Let R := 
lim Oj^/p where Oj^ is the integer ring of K and the transition maps are given by the p-th power 
map. By the universal property of the ring of Witt vectors W{R) of i?, there exists a unique 
surjective projection map 9: W{R) — >■ Of^ which lifts the projection R O^/p onto the first 
factor in the inverse limit, where Oj^ is the p-adic completion of Oj^. For any integer n > 0, let 
7r„ S X be a p"-th root of vr such that tt^+i = 7r„ and write tt = (7r„)n>o G R- Let [tt] e W{R) 
be the Teichmiiller representative of tt. We embed the Ty(/c)-algebra Ty(A:)[u] into W{R) via the 
map MM- [tt]. This embedding extends to an embedding © ^ W{R), which is compatible with 
Frobenius endomorphisms. 

Denote by Os the p-adic completion of ©[f/w]. Then Os is a discrete valuation ring with 
uniformizer p and residue field k{{u)). Denote by £ the field of fractions of Of. The inclusion 
© ^ W{R) extends to inclusions -4 W{FrR) and £ ^ W{FrR)[l/p]. Here Fri? is the field 
of fractions of R. It is not difficult to see that Fri? is algebraically closed. We denote by^f the 
maximal unramified field extension of £ in W{FrR)[l/p] and O" its integer ring. Let £^'^ be the 
p-adic completion of f ""^ and O"'' its integer ring. The ring f (resp. O"' ) is equal to the closure 
of f in W{FtR)[1/p] (resp. the closure of O"'' in W{FtR)). Put ©""^ := O^' n W{R). We regard 
all these rings as subrings of W{FtR)[1/p]. P_ut ©^ := ©"■'[I/p] /©"'■. 

Let Koo '.— U„>o-ftr(7r„) and Goo '■— G&\{K /Koo). Then Goo acts on ©^'' and £^'' continuously 
and fixes the subring © C W{R). We denote by Repg^(Goo) the category of continuous Zp-linear 

representations of Goo on finite Zp-modules. We denote by Rep^°'^(Goo) (resp. Rep|^p(Goo)) the 
full subcategory of Rep^^, (Goo) consisting of Zp-modules killed by some power of p (resp. finite free 
Zp-modules). 
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For any DJl G Mod^g", we define a Zp[Goo]-niodule via 

Teim) :=Home,^(9Jl,6^), 

where a Goo-action on r©(9Jt) is given by {<7.g){x) :— a{g{x)) for a 6 Goo, 9 £ Te(9Jl),a; £ 9H. 
Tlie representation T6(9Jt) is an object of Repz°''(Goo)- 

Similarly, for any DJl G Modyg, we define a Zp[Goo]-inodule via 

Teim) :=Home,^(97l,©"). 

The representation Te{d)l) is an object of Rep|^(Goo) and rankxpTe(97l) — rankgSH. 

Theorem 2.1 ([Ki ). The functor Tq : Mod^g -> Rep|^(Goo) is fully faithful. 

Proof. The desired assertion follows from Corollary (2.1.4) and Proposition (2.1.12) of |Ki) and 
Fontaine's theory (below). □ 

2.2 Fontaine's theory 

A finite Of-module M is called etale if M is equipped with a (yS-semi-linear map (pM : M ^ M such 
that i.p\j is an isomorphism, where (f\j is the Of-linearization 1 ® ipM '■ Os ®ip,Oe M ^ M oi ipM- 
We denote by ^Mq^ the category of finite etale Of-modules with the obvious morphisms. Note 
that the extension Koo/K is a strictly AFF extension in the sense of jWij and thus Goo is naturally 
isomorphic to the absolute Galois group of k{{u)) by the theory of norm fields. Combining this fact 
and Fontaine's theory in jFoj. A 1.2.6, we have that the functor 

n : *Mo, ^ Repz^ (Goo), M ^ (O^' MY^^ 

is an equivalence of Abelian categories and there exists the following natural ©^''-linear isomorphism 
which is compatible with iy9-structures and Goo-actions: 

0^^®z, r,(M)^0^®o, M. (2.2.1) 

Furthermore, the functor induces equivalences of categories between the category of finite tor- 
sion etale Og-modules and Rep^™(Goo) (resp. the category of finite free etale Og-modules and 

Rep^;(Goo)). 

The contravariant version of the functor is useful for integral theory. For any M G ^Mq^ , 

put 

T{M) := HomOf:,^(M, f"'/©"') if M is killed by some power of p 

and 

T{M) := Homo£,ip(M, O^') if M is p torsion free. 

Then we can check that T{M) is the dual representation of T^,{M). 

Let m G Mod/'g" (resp. M G Mod^'g ). Since E{u) is a unit in Og, we see that M Os «)e ^ 
is a finite torsion etale O^-module (resp. a finite free etale O^-module). Here a Frobenius structure 
on M is given by (pM '■= POe ® V^- 

Theorem 2.2 (|LiT], Corollary 2.2.2). Let m G Mod/'g"' or 971 G Mod^'g . Then the natural map 

Te(m)^T{Oe ®e m) 
is an isomorphism as "Lp-representations of Goo- 



3 



2.3 Liu's theory 

Let S be the p-adic completion of W{k)[u, -^^^]i>o and endow S with the following structures: 

• a continuous <y9-semilinear Frobenius tp: S ^ S defined by ip{u) := u^. 

• a continuous linear derivation N: S ^ S defined by N{u) :~ —u. 

• a decreasing filtration (Fir5)i>o in S. Here FirS* is the p-adic closure of the ideal generated 
by the divided powers "fj{E(u)) = ^-^jr~ for all j > i- 

Put Sko ■= S[l/p\ = Kf) ®w(k) S. The inclusion T4^(fc)[u] ^ W{R) via the map u i~> [tt] induces 
inclusions 6^5^ Acris and Sk,, ^ ^tms- We regard all these rings as subrings in B^^^^. 

Fix a choice of primitive p'-root of unity Cp* for i > such that Cpi+i = Cp'- Put e 
(CpOi>o G and t := log([e]) G ^cris- Denote by j/: W{R) W{k) a unique lift of the projection 
R ^ k. Since i^(Ker(6')) is contained in the set pW{k), v extends to a map v: Adis — ^ VF(fc) and 
^' ^CTis ~^ For any subring A C -B^ig, we put := Ker(i/ on -B^^^js) n A. For any 

integer n > 0, let t'^'^^ := t^^^'^lq(n){^—^) where n = {p — ^)q{n) + r(n) with < r{n) < p — \ and 
7i(a;) = ^ is the standard divided power. 

We define a subring TZkq of -Bj^jg as below: 

oo 

Hko ■■= 0''' I ft e and /, ^ as i ^ oo}. 

i=0 

Put := Tei^o n and /+ :== 7+'^. 

For any field F over Qp, set Fpoo := U5^Qi^(^pn). Recall ifoo = U„>oif(vr„) and note that 
KaD,p°° = U„>oif(7r„, (^p== ) is the Galois closure of Koo over K. Put i/^^ := Gal(iiroo,p°° /^oo), Gp=o := 
Gal(ifoo,p~/ifp~) and G := Gal(i^„o,p~/if). 

Proposition 2.3 (|Li3j, Lemma 2.2.f). (f) TZ (resp. TZko) is a ip-stable 6-algebra as a subring in 
W{R) (resp. B+J. 

(2) TZ and /+ (resp. TZro '"^'^ I+^Kq) G-stable. The G-action on TZ and (resp. TZko ^.^d 
I+TZko) f factors through G. 

(3) There exist natural isomorphisms TZkq/ I+TZko — o.'rid 7?.//+ 2± S/I+S ~ G/I^& ~ W{k). 

For any Kisin module (9Jt, (/?ajt) of height r, we put dJl := TZ ®ip,e and equip *H with a 
Frobenius (/s^ji; by iy9t^ := 0.^ (8) V^OT' -'^^ known that a natural map 

^ ®^,e = S&l 

is an injection (ICD, Section 3.f). By this injection, we regard COT as a (p(6)-stable submodule in 

m. 

Definition 2.4. A {ip, G)-module [of height r) is a triple 3Jl — (9H, iy9(Dti G) where 

(f ) (9Jt, (ySai) is a Kisin module (of height r), 

(2) G is an 7?.-semi-linear G-action on 9Jl := 7^ ®>p,e Stt, 

(3) the G-action commutes with ip^, 

(4) mam"", 

(5) G acts on the VF(fc)-module M/I+m trivially. 

If 371 is a torsion (resp. free) Kisin module of (height r), we call COT a torsion (resp. free) {(p, G)- 
module (o/ height r). If 9Jl = (COT, (^ot , G) is a ((/?, G)-module, we often abuse of notations by 
denoting *H the underlying module TZ®^^e'^. 
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A morphism / : (93t, ip, G) (W, ip' , G) between two [ip, G)-niodules is a morphism / : Lp) 
(93t',(y9') of Kisin-modules such that TZ f : DJl VJl' is a G-equivalent. We denote by Modg*^ 
(resp. Modg*^'*", resp. Mod@'^'^'^) the category of {ip, G)-m.odn\es (resp. torsion G')-niodules, 
resp. free {(p, G)- modules). We regard IDT as a G- module via the projection G ^ G. 

For a {(f, G)-module DJl, we define a Zp[G]-module as below: 

f (OT) := Hom^^^(OT, W{R)oo) if S« is killed by some power of p 

and 

Tim) := Hom^^^(OT, W{R)) if 971 is free. 

Here, W{R)oo := W{R)[l/p]/W{R) and G acts on f(m) by (cr./)(x) := a{f{a-^{x))) for ct G 
G, / e f (OT), X e OT. 

Let = (9Jl, (psQt, G) be a {(p, G)-module. There exists a natural map 

9: Te{m) ^ f (OT) 

defined by 

e{f){a(g>m) -.^ aip{f{m)) for f eTe{M), aen,mem, 
which is a Goo-equivalent. 

Theorem 2.5 (in3],[CL]). Letm= {m,^<M,G) he a {ip,G) -module. 

(1) The map 9: Tq(SJV) — > T(OK) is an isomorphism of'Z,p[Goo]-''nodules. 

(2) The functor T induces an anti-equivalence between the category Modg'^'^'^ of free {(p,G) -modules 
of height r and the category RepJ (G) of G- stable "Lp-lattices in semi-stable p-adic representations 
of G with Hodge-Tate weights in fo, r]. 

3 Cartier duality 

Throughout this section, for any Zp-module M and integer n > 0, we put M„ :— 'Lp/p'^'Lp ®z M 
and Moo := Qp/Zp M. 

3.1 Duality on Kisin modules 

In this subsection, we recall Liu's results on duality theorems for Kisin modules ( |Lil) . Section 3). 
We start with the following example: 

Example 3.1. Let :— & ■ f be the rank-1 free 6-module with 'p}{f) :— Cq^E{uY ■ f" where 
pco is the constant coefficient of E{u). We denote by ip^ this Frobenius (p. Then (6^, 93^) is a free 
Kisin module of height r and there exists an isomorphism Te(©^) — Zp(r) as Zp[Goo]-modules (see 
[m]. Example 2.3.5). Put := Qp/Zp^z,©"" = ©oo-f (resp. 6]i := Zp/p"Zp(8z, ©"^ = ©n-f 
for any integer n > 0). The Frobenius (p on ©^ induces Frobenii ip"^ on ©^ and ©^. 

Put f ^ := £ (8)e — £ ■ and equip f ^ with a Frobenius (yS^ arising from that of £ and 
©V. Similarly, we put = Os ■ f , {£/Oe)'^ = £/Oe ■ f, = 0£,„ • f and equip them with 
Frobenii (/?^ which arise from that of f ^. We define O"'''^ and OJJ''^, and Frobenii (p^ on them by 
the analogous way. 

Let OJl be a Kisin module of height r and denote by M := Og C^e the corresponding etale 
((9- module. Put 

W := Home(aH, ©00), M"" := Homo^,^(A/, f/Oe) if is killed by some power of p 

and 

on'' := Home(OT, ©), M"" := }iomo,,^{M, Og) if 971 is free. 
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We then have natural pairings 

(•, ■):mxdJV^ 6^, (•, ■): M X {E/OsY if m. is killed by some power of p 

and 

(•, •) : 9Jt X an'' ^ (•, •) : M x Af^ ^ if OR is free. 
The Frobenius on 9Jt^ (resp. ip\j on A/^ ) is defined to be 

{ipm{x),ipli{y)) - ip'iix, y)) for x e IW, j/ G 971^ . 

(resp. ((pM(a;), 'Pm(2/)) V>^{{x, y)) for x £ A/, y e Af"^.) 

Theorem 3.2 ( |Lil| ). Let 'iffi he a torsion (resp. free) Kisin module of height r, M :— Og ®e DJl 

the corresponding etale ip-module and (•, •) the paring as above. 

(1) (971^, iy9^) is a torsion (resp. free) Kisin module of height r. Similarly, is a torsion (resp. 
free) etale ip-module. 

(2) A natural map Og ®is 971^ — > is an isomorphism and ip'^j — ipo^ (p"^. 

(3) All parings (•, •) appeared in the above are perfect. 

Remark 3.3. The assertion (2) of the above theorem says that there exists a natural isomorphism 
Os gJe — {Os 9^)^ = which is compatible with i^j-structures. In fact, the paring (•, •) 
for M is equal to the pairing which is obtained by tensoring Og to the pairing (•, •) for 971. 

3.2 Dual (ip, G')-modules 

In this subsection, we construct dual (ip, G)-modules. Put 

■JZ^f, -.^ Zp/p"Zp n'' =TZ 0^,6 &n=Ti i&n ■ f) = Tin ■ f for any integer n>0 
and 

and we equip them with natural Frobenii arising from those of TZ and By Theorem 12. 5[ we 
can define a unique G-action on 7?.^ such that 7?,^ has a structure as a {ip, G)-module of height r 
and there exists an isomorphism 

f{TZ^)^Zp{r) (3.2.1) 

as Zp[G]-modules. This G-action on 7?.^ induces G-actions on 7^^ and 7^^. Then it is not 
difficult to see that TZ^ has a structure as a torsion {ip, G)-module of height r and there exists an 
isomorphism 

f (7^^) ~ Zp/p^Zpir) (3.2.2) 

as Zp[G]-modules. We may say that 7?.^ (resp. TZ^ ) is a dual (i^, G)-module of TZ (resp. TZn ) since 
(IHXTI) and hold. 

Remark 3.4. If Kpoa n Koo — K (which is automatically hold in the case p > 2), then G- 
actions on 7?,^, 7?,^ and TZ]^ can be written explicitly as follows (see Example 3.2.3 of |Li3) ) : If 
Kpo^ DKoo = K, we have G = Gpoo xi Hk (see Lemma 5.1.2 in |Li2) ). Fixing a topological generator 
T S Gpoo, we define G-actions on the above three modules by the relation T{f^) := c*" • f . Here 
c := c := nr^o y."( ^^^°"'p-^^"^^ ). Example 3.2.3 of [Ll3] says that c £ and c e TZ'' . It 

follows from straightforward calculations that 7^^ and TZ^ are ((/5, G)-modules of height r. 
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Lemma 3.5. Let A be a &-algebra with characteristic coprime to p. Let 57t &e a torsion (resp. 
free) Kisin module. Then there exist natural isomorphisms: 

A(i)ip^Q 971^ ^> Honi^(A 9Jt, Aoo) if 971 is killed by some power of p, 

A ®^,e ^ HomA(A (g)^,e 971, A) if 9Jt is free. 

Proof. If 971 is free, the statenient is clear. If p97l = 0, then we may regard 2t as a finite free <S/p&- 
module and thus the statement is clear. Suppose that 971 is a (general) torsion Kisin module of 
height r. By Proposition 2.3.2 of |Lil| . there exists an extension of i^j-modules 

= 97To C 97li c ■ • ■ C 97t„ = 971 

such that, for ah 1 < i < n, 97T,/97lj_i G Mod/'l"' and 97t,,/97lj_i is a finite free &/p& = k{u}- 

module. Furthermore, we have 971^ G Mod^g" by Lemma 2.3.1 in |Lil) . We show that the natural 
map 

A (E)^^e 97t,^ — > RouiAiA (g)^^e M^,Aoo), a®/H>(a®xi-> af{x)) 

where a G A, f £ 97t,^ and x G 971^, is an isomorphism by induction for i. For i = 0, it is obvious. 
Suppose that the above map is an isomorphism for i — 1. We have an exact sequence of 6-modules 

^ Mi-i -^^Jl^^ 97l,/97l,_i ^ 0. (3.2.3) 

By Corollary 3.1.5 of jLjl J , we know that the sequence 

^ (97ti/97ti_i)'' 971^ 97t^_i 0. 

is also an exact sequence of (3-modules. Therefore, we have the following exact sequence of A- 
modules: 

A (g)^,6 (97ti/97t,_i)'' ^ A ®^^e 97t,^ -> A ®^,e ^ 0- (3-2.4) 

On the other hand, the exact sequence p.2.3p induces an exact sequence of A-modules 

^ RomAiA ®^^6 97l,/97t,_i, Aoo) RomA{A 

(3.2.5) 

Combining sequences p. 2. 41) and p.2.5p . we obtain the following commutative diagram of A- 
modules: 

A 0^,© (97T,/97l,_i)^ ^ A ®^,e 971^ ^ A 0^,© 97t,^_i ^ 



s-HomA(A(K)^,© 97t^/97ti_i, Aoo) ^HomA(A®^^© m,,A^) ^ HomA(A 0^,© 97t,„i, A^o) 

where the two rows are exact. Furthermore, first and third columns are isomorphisms by the 
induction hypothesis. By the snake lemma, we obtain that the second column is an isomorphism, 
too. □ 

Let IDt = (971, (p<xn,G) be a torsion (resp. free) {ip, G)-module of height r and (97t^, 1^95^^) the dual 
Kisin module of (971, ipm)- By Lemma 13.51 we have isomorphisms 

H 971^ Hom^(7^ 0^,© 971, TZ]^) if 971 is killed by some power of p (3.2.6) 

(resp. 

n ®^,© 971'' ^ Hom^(7^ «)^,© 971, TZ'^) if 97t is free). (3.2.7) 
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We define G-action on Eom^CR. (g)^^6 ^,'^^) (resp. Rom^{n ®^,e M,'R}')) by 

ia.f){x) ■.= a{f{a-\x))) 

a e G,x eiz iX)^,e M and f e Hom^(:^ (g>^^e SK, (resp. / £ Hom.^(:^ ®^,e SH, :^^)) and 
equip G-action on TZ (X)<^,e via an isomorphism p.2.6p (resp. p.2.7p ). 

Theorem 3.6. Lei 971 = (9H, lySgjt , G) &e a torsion (resp. free) {ip^G) -module of height r and equip 
G-action on TZ®tp^is as the above. Then the triple 971^ (9Jt^, ^p^, G) is a torsion (resp. free) 
{if, G) -module of height r. 

Definition 3.7. We call as Theorem 13.61 the dual {(p,G)-module ofOJl. 

To prove Theorem 13.61 we need the following easy property for TZoo = 
Lemma 3.8. (1) For any integer n, we have 

n[i/p] np'W(Fri?) ^iznp''w{R) ^p"n. 

(2) The following properties for an a £ TZ[l/p] are equivalent: 

(i) If X € TZ[l/p\ satisfies that ax ~ in TZao, then x = in TZoo- 

(ii) a^piZ. 

(iii) a^pW{R). 

(iv) a ^pWiFiR). 

Proof. (1) The result follows from the relations 

n[i/p] np"w^(Fri?) = n[i/p] n {w{R)[i/p] np"T/F(Fri?)) n[i/p] np"w^(i?) 

and 

p'"TZ c n[i/p] np^'wiR) c Hko n p'W(i?) = p"(:^ko n w{r)) ^ p"n. 

(2) The equivalence of (ii), (iii) and (iv) follows from the assertion (1). Suppose the condition (iv) 
holds. Take any x e TZ[l/p] such that ax e TZ. Then we have 

-nn1Z[l/p] C -W{FtR) n M^(Fri?)[l/p] C W{FrR) 
a a 

since a ^ pW{FrR). Thus we obtain 

xe-TZn TZll/p] = -7^ n n W(Fri?) C iz[l/p] n W(FrR) = TZ, 

a a 

which implies the assertion (i) (the last equality follows from (1)). Suppose the condition (ii) does 

not hold, that is, a G pTZ. Then TZ[l/p] D -TZ D -TZ D -TZ 2 TZ and this implies that (i) does not 
hold. a a p ^ 

Proof of Theorem \3.b\ We only prove the case where 9H is a torsion ((p, G)-module (the free case 
can be checked by almost all the same method). 

We check the properties (1) to (5) of Definition HjH for 971^. It is clear that (1) and (2) hold 
for . Take any / e 9^"^. Regard as a submodule oiTZ®^.e 93t^. Then, in TZ®^^e , we 
see that / is equal to the map 

/: 7^®^,e97^^7^•^ 

given by a (g) a; H> aip{f{x)) ■ f for a £ and x e 971. Since M C (TZ (X)^,e 971)-^^, we have 

(a./)(a <E>x)= a{f{a-Ha x))) = (7(/>-i(a)(l ® x))) = a{{a-'{a)f{l ® x))) 
= aa(/(l <E> x)) = aaMfix)) ■ f) = a^{f{x)) ■ f = f{a ® x). 
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for any a G 7^, X G OK and cr e Hk- This implies dJf C {Tl ®^,e Tt'^)"'^ and hence (4) holds for 
Check the property (5), that is, the condition that G acts trivially on By Lemma 

13.51 we know that there exists the following natural isomorphism: 

which is in fact G-equivalent by the definition of G-action on TZ ®ip,e ^Tl^- Since G acts on 
TZ €3(p,e 9?l//+(7?. ^^^e 2Jt) and TZ^/I+TZ^ trivially, we obtain the desired result. 

Finally we prove the property (3) for 2Jt^. First we note that, if we take any / G StJl^ = 
Homg(3Jl, 6oo) and regard / as a map which has values in then we have 

ip^{f)oip,n^^^ of:m^6l,. (3-2.8) 

Recall that there exists a natural isomorphism 

n ®^,e "XrC" ~ Hom^(7^ ®^,e S«, H^) 

by Lemma 1531 We equip Hom.^(7?. igj^^e 9^;'^^) with a (yS-structure ip'^ via this isomorphism. 
Then it is enough to show that a(p^ = (p^a on Hom.^('fe ®ip,6 971, 7?.^) for any a £ G. Take any 
/ G Hom(7^ €3(^,6 9Jl, 7?.^) and consider the following diagram: 

(g)„ e 9}T ®^,e 9K (3-2.9) 



By (|3.2.8p . we obtain that the diagram p.2.9p is also commutative. To check the relation a{ip'^ (/)) = 
(p^{a{f)), it sufiices to show that a{ip^ {fj){Lp^{x)) — (p^ {a{f)){(ptjj^{x)) for any x G 7?- (8ii^,6 SJt 
since DJl is of finite i5(u)-height and, for any a G TZoo, (p{E[u))a = if and only if a = by Lemma 
By (12211), we have 



aip-^im^p^^ix)) = a(^^(/)(a-i(^^(x)))) = a(^^(/)(<^^(a-i(x)))) = a(^^(/V'(^))))- 
By replacing / with cr{f) in the diagram p.2.9p . we have 

V^Hm^^ix)) - ^^(a(/))(x) = ^^(a(/V'(^)) = o{^^{f{a-\x)))) 
and this finishes the proof. □ 
Corollary 3.9. Let dJl be a {Lp,G)- module. Then the natural map of {ip,G) -modules 

m^im'^y, X em^ if ^ fix)) e {m'')'^ (3. 2.10) 

is an isomorphism of {ip,G) -modules. 

Proof. It is known that the map p.2.10p is an isomorphism by Proposition 3.1.7 in |Lil| . Hence it 
is enough to check that the map (j3.2.10p is compatible with Galois action after tensoring TZ, but 
it follows from straightforward calculations. □ 

Since the assignment OJl i— >■ is a functor from the category of torsion (resp. free) (ip, G)- 
modules of height r to itself, we obtain the following. 

Corollary 3.10. The assignment dJt n- is an anti- equivalence on the category of torsion (resp. 
free) {if ,G) -modules. A quasi-inverse is given hy^Jl^ 
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3.3 Compatibility with Galois actions 

The goal of this subsection is to prove the following: 

Theorem 3.11. Let dJl be a {if ,G) -module. Then we have 

f{m'^) ~ f'^{m){r) (3.3.1) 

as Zp[G]-modules where T^(93t) is the dual representation ofT{dJl) and the symbol "(r) " is for the 
r-th Tate twist. 

First we construct a covariant functor for the category of {ip, G')-modules. Recall that, if 
9Jl — (971, G) is a ((/?, G)-module, we often abuse of notations by denoting 9Jt the underlying 
module TZ (^^.e 

Proposition 3.12. Let dJl be a {if,G) -module. Then the natural W {Ft:: R) -linear map 

W{YiR) (g)Zp (VF(Fri?) ®^ mY=^ W{¥iR) (^^M, a ® x ax, (3.3.2) 

for any a € W(FtR) and x G {W{FrR) 371)'^^^, is an isomorphism, which is compatible with 
ip-structures and G-actions. 

Proof. A non-trivial assertion of this proposition is only the bijectivity of the map p.3.2p . First 
we note the following natural (p-equi variant isomorphisms: 

W{¥iR) (g)^ S&l ~ W{YtR) ®^,e S« 

~ W(¥tR) ®Oe {Oe M) 

W{¥iR) ®o, M 

where M :— Og ®e 9H is the etale iy9-module corresponding to DJl. Here the bijectivity of 1 ip\,j, 
where is the Of-linearization of (p]\i, follows from the etaleness of M. Combining the above 
isomorphisms and the relation (j2.2.ip . we obtain the following natural i^-equivalent bijective maps 

W{FrR) (g)^m^ W{FtR) (g)o, M W{FiR) (0" (g)o, MY=^ (3.3.3) 
and hence we obtain 

{W{FvR) ®^ mY=^ ~ (£)"'■ ®Os MY=\ (3.3.4) 
By p. 3. 31) and p.3.4p . we obtain an isomorphism 

W(FtR) (M^(Fri?) ®^ "my^^ ^ W{FvR) ®^ <H 
and the desired result follows from the fact that this isomorphism coincides with the natural map 

(12X21). □ 

For any [ip, G')-module OT, we set 

f,{m) := (w^(Fri?) ®^ mY=\ 

Since the Frobenius action on W{FiR) ®^ 971 commutes with G-action, we see that G acts on 
r*(97l) stable. We have shown in the proof of Proposition l3.12l (see p.3.4[) ') that 

f,(OT) ~r,(Af) 

as Zp [Goo] -modules for M := ®e 971 (recall that the functor T, is defined in Section 2.2). In 
particular, if is free and d := rank© (971) , T, (971) is free of rank d as a Zp-module. The association 
971 !—> r*(2)t) is a covariant functor from the category of {(p, G)-modules of height r to the category 
Rep2^(G) of finite Zp[G]-modules. By the exactness of the functor T,, the functor T, is an exact 
functor. 
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Corollary 3.13. The Zp-representation T*(9Jt) of G is the dual ofT{1M), that is, 
as Ijp[G]-modules. 

Proof. Suppose 9Jl is killed by some power of p. By Proposition l3.12l and the relation W(FiR)'^-^ 
Qp/Zp, we have 

Roniz^{t(m),Qp/Zp) ~ RomwiFrB.)AW{FrR) {W{FtR) ®^ W{YrR)^) 
~ Homw(Fri?),v>(W^(Fri?) ®^ »T, W{YtR)oo) 
~ Hom^^(OT, W{¥rR)^) = f (£01). 



The last equality follows from the proof of Lemma 3.1.1 of jLiSj . but we include a proof here 
for the sake of completeness. Take any h G Hom.^ ^(971, VK(Fri?)oo). It is enough to prove that 
h has in fact values in W{R)oo- Put g := h\<xrt- Since g is a iy9(©)-linear niorphism from DJl to 
W{R)oo — 'p{W{R)oc,), there exists a 6-linear morphism g: 971 — > W{FtR)oc such that ip{g) = g. 
Furthermore, we see that Q is (/3-equivariant. Note that 0(9H) C W(FtR)oo is a S-finite type 
(/3-stable submodule and of £'(u)-height r. By |Fo) . Proposition B.1.8.3, we have 0(971) C 6JJ^. 
Since 

h{a x) — a(p{Q{x)) 

for any a ^ TZ and a; £ 971, we obtain that h has values in W{R)oo- 

The case 971 is free, we obtain the desired result by the same proof as above if we replace 
W(FiR)oo (resp. Qp/Zp) with W{FtR) (resp. Zp). □ 

In the rest of this subsection, we prove Theorem 13. Ill We only prove the case where 97t is killed 
by for some integer n > 1 (we can prove the free case by an analogous way and the free case is 
easier than the torsion case). 

First we consider natural pairings 

(•,•): 971 X gTt'' ^ 6^ (3.3.5) 

and 

(•,.): MxM^ ^0^^„ (3.3.6) 

which are perfect and compatible with (^-structures. Here M := Og (E)6 9^ is the etale (/^-module 
corresponding to 971. We can extend the pairing (13.3.61) to the equivalent perfect pairing 

{O^' ®Oe M) X (O^ ®Oe M"') ^ 0,7^^. 
Since the above pairing is (/?-equivariant and (C'"''^^)'^^^ ~ Zp / p'^Zp{—r) , we have a pairing 

(O^- ®Oe MY=^ X (O^- ®o, M^V=^ Zp/p"Zp(-r) (3.3.7) 



compatible with Goo-actions. Liu showed in the proof of Lemma 3.1.2 in |Lil) that this pairing is 
perfect. By similar way, we have the following paring 

{W{FrR) ®Oe M)'^^^ X (W^(Fri?) ®Oe M''Y=^ Zp/p"Zp(-r). (3.3.8) 

On the other hand, the pairing p.3.5p induces a pairing 

{n®^^e^) ^ {Ti®v,e'^'') ^Til- (3.3.9) 
We can extend the pairing (13. 3. 91) to the (^-equivalent perfect pairing 

{W{YrR) ®^ {n ®^,s 9:^)) X (M^(Fri?) ®^ (7^ (g)^,© "XSf)) W{FtR) ®^ Hi. 
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Since the above pairing is (yS-equivariant and {W{FtR) TZ'^)'^~^ ~ 'Ep/p'^Z,p{—r), we have a 
pairing 

iW(FiR) ®^ {n «)^,e an))'^=i X (W^(Fri?) ®^ (7^ ®^^e M'')Y=^ Zp/p'"Lp(~r) (3.3.10) 

compatible with G-actions. Since we have the natural isomorphism O^^ {O^^ ^Oe M)'^^^ 
O"'' 'S>Oe M , we obtain the iy9-equivariant isomorphisms 

W{FtR) (g>^m^ W{FtR) ®Oe M ^ W{YtR) (O^ ®Oe MY=^. (3.3.11) 

Therefore, combining p. 3. 71) . (13.3.81) . p. 3. 101) and (13.3.111) . we have the following diagram 

{W{YvR) ®^ mY=^ X (T/F(Fri?) Cg)^ my Y=^ ^ Zp/p"Zp(-r) 



{W{YiR) ®Oe MY=^ X {W{¥vR) ®Os ^ Zp/j3"Zp(-r) 

{O^' ®Oe My=^ X (O^ (gic,^ M^)'^=i ^ Zp/p"Zp(-r) 

It is a straightforward calculation to check that the above diagram is commutative. Since the 
bottom pairing is perfect, we see that the top pairing is also perfect. This implies r*(fH^) ~ 
Ttf{tiyV){—r) and therefore, we have the desired result by Corollary [2331 

Remark 3.14. A triple 91t — (91t, ip, G) is called a weak {(p, G)-module if it only satisfies axioms 
(1), (2), (3) and (4) in Definition l2.4l Weak ((/s, G')-modules are related with potentially semistable 
representations. By the same proofs, all results in this section hold if we replace "(c/?, G')-modules" 
with "weak ((^, G')-modules" . 

3.4 Comparisons with Breuil modules 

Throughout this subsection, we suppose p > 3 and r < p — 1. In this situation, Liu showed in 
|Li2| that there exists a contravariant functor T^t from the category Mod/^ of strongly divisible 
lattices of weight r into the category Rep2^(G) which gives an equivalence of those categories. 

Hence there exists an equivalence of categories between Mod/5 ^'^'^ Mody'^'^"^ (see also Theorem 
12.51 (2)). Liu's arguments in Section 5 of fLi2] give an explicit correspondence between the objects 
of those categories as below. 

Let $m be a free (.^, G)-module of height r and put T := f (OT). Then V :^ T Qp is a 
semistable p-adic representation of G with Hodge- Tate weights in [0, r] and 2) := Sko ®ip,e 31t has 
a structure as a Breuil module corresponding to V. If we put M :— S (8></3,6 2t C 2), then M. has 
a structure as a quasi-strongly divisible lattice in D. Liu showed in Lemma 3.5.3 of |Li2) that A4 is 
in fact automatically stable under the monodromy operator N^, of the Breuil module D and thus 
Ai has a structure as a strongly divisible lattice in D. Moreover, Tst(A^) is isomorphic to T. On 
the other hands, we can realize the monodromy operator Nxi via the action of r on 9Jl. To see this, 
we define a natural G-action on B^^.-^ ®Sko follows: For any a & G and a (8) a; G B^^is ^Sko 
define 

00 

a{a(E)x) ^(j(a)7,(-log([e(a)])) ®7Vi,(a;), 

i=Q 

^ Breuil showed, in Theoreme 6.1.1 of IBrl . an equivalence of categories between the category of semistable 
representations of G and the category of Breuil modules. 
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where e{a) := (cr(7r„)/7r„)„>o G R. This action is a well-defined B^jg-semi-linear G-action on 
Btris ®Sko 2) ([ni], Lemma 5.1.1). From now on, we fix t :— — log([e(r)]). Then, for any n > 
and X G D, an induction on n shows that 

oo I 

(r - irix) = ^ ( J2 ^7r^)^"(*) ® 

m—n ii+i2-\ — in—m,ij>l 

Hence if we put log(r)(a::) := J2^=ii^^)^^^ x G T>, we have 

l0g(T)(.T) =t(E,NT)ix). 

Therefore, we obtain the well-defined functor 

Mji : Mod/g -> Mod/s, ^k ^ S «)^,e ^ 
which makes the following diagram commutative: 

Mod7|'^'-^Rep£^(G) 

Mod;s^^Rep£^(G). 

Here we equip Mji{^) — S ®ip,6 9^ with the following additional structures; an S'-submodule 
Fir(7W^(OT)) oiMjiim) defined by 

FiViMniDJl)) := {x e 7W^(Jm)|(l ® ip){x) e Firs' ®e "XH}, 

a (^5-semi-linear endomorphism : Fir(A^^(9Jt)) — > A^^(9K) defined by the composition 

Fir(7w^(cm)) ^ Firs ®e at 5 «)^,6 - x^(ot) 

and a monodromy operator N on given by = jlog(r). Since the above diagram 

is commutative, we see that the functor gives an equivalence of categories. By the Galois 
compatibility of a duality (cf. Theorem 13. lip , we obtain 

Corollary 3.15. Let 9Jl be a free {lp,G)- module. Then there exists an isomorphism 

which is functorial for DJl. Here A4j^{DJl)^ is the Cartier dual of the strongly divisible lattice 
M^{^m) (cf fUnf . chapter V). 
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